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1 Abstract
In [1] (2013) and finally [2] Andriy V. Bondarenko showed how to construct a two-distance
counterexample to Borsuk’s conjecture from a strongly regular graph whose vertex set is not the
union of at most f + 1 cliques (sets of pairwise adjacent vertices) where f is the multiplicity of the
second-largest eigenvalue of its adjacency matrix.
He applied that construction to those two graphs (on 416 and 31761 vertices, resp.) that he had
been able to prove to fulfill the condition.
I do not know of any other publication proving or even claiming that another strongly regular graph
fulfills the condition.
In a paper from 2018, D. Crnkovic´, S. Rukavina and A. Sˇvob constructed in particular a certain up
to then unknown strongly regular graph on 28431 vertices.
This article describes a (mainly computational, using an additionally (in the source package) provided
input file for the GAP system) partial exploration of that graph and derives counterexamples in
dimensions down to 774 from it.
2 Introduction
2.1 Borsuk’s conjecture
In [3] (1933) Karol Borsuk asked whether each bounded set in the n-dimensional Euclidean space can
be divided into n + 1 parts of smaller diameter. The diameter of a set is defined as the supremum
(least upper bound) of the distances of contained points. Implicitly, the whole set is assumed to
contain at least two points.
The hypothesis that the answer to that question is positive became famous under the name Borsuk’s
conjecture.
Beginning with Jeff Kahn and Gil Kalai in 1993, several authors have proved that in certain (almost
all) high dimensions such a division is not generally possible.
2.2 Strongly regular graphs
We consider simple loopless finite undirected graphs. Such a graph is called strongly regular with
parameter set (v, k, λ, µ), or shortly a srg(v, k, λ, µ), iff it has exactly v vertices, each of them has
exactly k neighbours, and the number of common neighbours of any two different vertices is λ if
they are neighbours and µ otherwise.
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2.3 Euclidean representations of strongly regular graphs
This construction follows [1].
Let Γ = (V,E) a srg(v, k, λ, µ) and A its (0, 1)-adjacency matrix. Then A has exactly 3 different
eigenvalues: k of multiplicity 1, the second-largest eigenvalue of multiplicity
f =
1
2
(
v − 1−
2k + (v − 1)(λ− µ)√
(λ − µ)2 + 4(k − µ)
)
,
and the smallest eigenvalue
s =
1
2
(
λ− µ−
√
(λ − µ)2 + 4(k − µ)
)
In the remaining part of this article we use these notations: I is the identity matrix of size v, y is
A− sI, yi, where i ∈ V , are the columns of y, and yi,j, where i, j ∈ V , are the entries of y.
Remark: Bondarenko used these yi as intermediate values to derive sets of zi and finally xi by
synchronous scaling and moving in order to get all points onto the unit sphere around the origin
but this is not necessary (here) and could lead to non-integer coordinate values.
The given properties of the eigenvalues imply dim{yi : i ∈ V } ≤ f .
For i, j ∈ V
yi,j =


−s if i = j
1 if (i, j) ∈ E
0 otherwise
For i ∈ V : yi consists of one -s (at position i), k 1’s, and v − k − 1 0’s; its norm is the square root
of s2 + k .
For different i, j ∈ V
‖yi − yj‖
2 =
{
2× (k − λ− 1 + (−s− 1)2) = 2× (k − λ+ s2 + 2s) if (i, j) ∈ E
2× (k − µ+ s2) otherwise
The distance square for the non-adjacent case exceeds the distance square for the adjacent case by
2× (λ− µ− 2s) = 2×
√
(λ− µ)2 + 4(k − µ)
If the graph is not complete, this excess is positive and we can conclude:
For any two different i, j ∈ V , the distance of yi and yj is smaller than the diameter of the complete
vector set if and only if i and j are neighbours. Thus, for each W ⊆ V : {yi : i ∈ W} has a smaller
diameter than {yi : i ∈ V } if and only if W is a clique. And {yi : i ∈ V } can be divided into x parts
of smaller diameter if and only if V can be divided into x cliques.
2.4 Bondarenko’s concrete results
Bondarenko considered the G2(4) graph, a srg(416, 100, 36, 20), and the Fi23 graph, a
srg(31671, 3510, 693, 351), whose corresponding point sets are of dimensions 65 and 782, resp.
He proved that the sizes of contained cliques cannot exceed 5 and 23, resp. Because 416/5 > 83 and
31671/23 = 1377, the corresponding point sets cannot be divided into less than 84 and 1377, resp.,
parts of smaller diameter.
In addition, he considered the vertices of the bigger graph that are not adjacent to 1, 2 and 3
(pairwise adjacent) fixed vertices. The corresponding point sets are in dimensions 781, 780 and 779,
resp. He estimated the number of points, and concluded that they cannot be divided into less than
1225, 1102 and 1002, resp., parts of smaller diameter.
He also described a way to build counterexamples for (all) respective higher dimensions on the base
of the two primarily constructed ones.
2
3 The seemingly first known srg(28431,3150,621,315)
In subsection 3.3 of [4] the authors in particular derived from the group O(7, 3), also known as O7(3),
a srg(28431, 3150, 621, 315), denoted Γ3
6
, and a srg(28431, 2880, 324, 288), denoted Γ3
7
, which seem to
be the first known SRGs with the respective parameter sets.
Herein we will just consider Γ3
6
and call it Γ. Its parameter set determines the multiplicity f of the
second-largest eigenvalue and the smallest eigenvalue s of its adjacency matrix: f = 780 and s = −9.
4 Getting (the hands on) Γ
In order to get more information on Γ, I took the respective file srg28431 gama6 3.txt from the
subfolder DRGs O73 within the file http://www.math.uniri.hr//~asvob/DRGs manyVertices.zip
(413457 Bytes, Sep 11 2018, md5sum 9fa5d769cf5e8dc10ca4110c5edc9568)which has been referred
to at the end of the introduction of [4]. It is a plain ASCII text file, obviously intended to become
input of the (not freely available) Magma Computational Algebra System.
The vertices of the graph are the integers from 1 to 28431. A permutation group G and the list ob
of the neighbours of vertex 1 were given first. Then the actual graph is generated from these two
objects and assigned to Graf. In order to make the file usable with the GAP system [5] (extended
by GRAPE [6]), I did (and propose) these editing steps:
At the begin of the file, insert the line
LoadPackage("grape");
Replace the then following line
G:=PermutationGroup<28431|
by the line
G:=Group(
From there, find the first > and replace it by ) .
From there, find the first { and replace it by [ .
From there, find the first } and replace it by ] .
Replace the then following line
Graf:=Graph<28431|Setseq(ob^G)>;
by this line
Graf:=EdgeOrbitsGraph(G,Cartesian([1],ob),28431);;
The GAP input file provided with this article expects that the result of these editings has been
stored into the file GA36.g within the working directory.
5 Some basic properties of Γ
Γ is strongly regular but not as highly regular as the two graphs considered by Bondarenko:
Fix a vertex i1.
If i2 is a neighbour of i1 then exactly 1, 108 and 512, resp., common neighbours of i1 and i2 are
adjacent to exactly 108, 156 and 162, resp., other ones. In particular, the 108 vertices in the second
set are just the neighbours of the first mentioned special vertex.
The 28431 − 1 − 3150 = 25280 non-neighbours of i1 can be divided into two disjoint sets of sizes
22400 and 2880, resp., such that:
If i2 is in the larger set:
Exactly 72 and 243, resp., common neighbours of i1 and i2 are adjacent to exactly 108 and 114,
resp., other ones.
Exactly 168, 17496, 1944, 243, 2592 and 1, resp., common non-neighbours of i1 and i2 are adjacent
to exactly 18, 24, 27, 51, 57 and 315, resp., common neighbours of i1 and i2.
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If i2 is in the smaller set:
All 315 common neighbours of i1 and i2 are adjacent to exactly 114 other ones.
Exactly 1120, 15120, 3360, 84, 2520 and 240, resp., common non-neighbours of i1 and i2 are adjacent
to exactly 18, 24, 27, 45, 57 and 63, resp., common neighbours of i1 and i2.
Remarks:
Likely, exchanging the roles of edges and non-edges in the smaller set could result in the graph Γ3
7
(mentioned above).
For performance reasons, these facts were checked not using GAP but a compiled stand-alone
program.
6 Computing the main results
The provided (within the source package of this article) file GA36BOR.g is intended to be input of
GAP.
For building the graph Γ and assigning it to the variable Graf, the file GA36.g is called at first.
Then the subgraph induced by the neighbours of vertex 1 is build and assigned to Graf1.
By applying the respective function to Graf1 we get its clique number (size of the largest clique),
namely 20. Because of the (way of generation and) symmetries of the whole graph, its clique number
must be 21. Because 28431/21 > 1354, the corresponding 780-dimensional point set (Euclidean
representation) of Γ cannot be divided into less than 1354 parts of smaller diameter.
The list SZ is filled with the numbers of vertices that are not adjacent to the first, to the two first
and so on of the six pairwise adjacent vertices in the list VL. If and only if a vertex i is not adjacent
to a vertex j, its corresponding point yi has the value 0 at position j, and the inner product with
the vector having value 1 at position j and value 0 else gives 0. Because the set sizes decrease
successively, the dimensions of the affine spaces spanned by the point sets do so, too.
The dimensions are 779, 778, 777, 776, 775 and 774, resp., the point sets have sizes 25281, 22752,
20736, 19008, 17552 and 16320, resp., and can (because of the clique number is (at most) 21) not
be divided into less than 1204, 1084, 988, 906, 836 and 778, resp., parts of smaller diameter.
Because of the limited (see above) regularity of the graph, the set sizes depend on the selection of
the six vertices. Of course, I tried to choose them in a way that the sets become as big as possible.
Up to here, the strategies are analogous to Bondarenko’s for the bigger of the two graphs considered
by him (but required more computation because Γ is less regular and less explored).
As it turned out, using a more involved construction results in slightly bigger point sets in dimensions
779 and 778:
Choose two different non-adjacent vertices i1 and i2 having exactly 1944 common non-neighbours
being adjacent to exactly 27 common neighbours of i1 and i2 (a case mentioned above). Define the
vector having the value 1 at the respective positions of those 1944 vertices and the value 0 else. A
point is in the hyperplane if its inner product with this vector is 216; the other points (and the
respective vertices) are to exclude.
In GA36BOR.g, the function fill exc collects those excluded vertices in the list named exc and
finally returns the number of the vertices not in the list. For this purpose, the local variable cnbs
holds the common neighbours of the vertices given by the parameters i1 and i2, and the local
variable x27 holds those 1944 common non-neighbours of the vertices given by i1 and i2 that are
adjacent to exactly 27 vertices in cnbs.
Initially, exc is emptied. Then fill exc is applied two times, with different parameter values,
reducing the full set to 25515 and then to 22923 points/vertices. Again considering the clique number
21, we have point sets in dimensions 779 and 778, resp., that cannot be divided into less than 1215
and 1092 parts of smaller diameter.
4
7 Remarks on the computation process
The numerical results of running GAP with GA36BOR.g as input should be stored in the variables L1
and L2, resp. L1 should contain a list consisting of the clique number of Graf1 and a list containing
the numbers of vertices being non-neighbours of the first one up to of the first six vertices in VL. L2
should contain the two sizes of the just described point sets. Because there are Print commands for
both results, an interactive session including typing the command line
Read("GA36BOR.g");
should finally automatically display this line:
[ 20, [ 25281, 22752, 20736, 19008, 17552, 16320 ] ][ 25515, 22923 ]
If GAP has been started with the input file as parameter, you may have to type
L1;
and
L2;
resp., when the computation is complete and the GAP prompt appears in order to see the content(s).
On my system (Intel Pentium(R) Dual-Core E5500 at 2.80 GHz, 4 GB RAM, running (Linux
distribution) Lubuntu 20.04 (64 bit)) it took about 20 seconds until the value of L1 has been
calculated but about 10:30 min for the whole computation. You can prevent the (long) calculation
of L2 by placing a # at the start of the line(s) concerning L2.
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